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Bell inequalities rest on three fundamental assumptions: real-
ism, locality, and free choice, which lead to nontrivial constraints
on correlations in very simple experiments. If we retain real-
ism, then violation of the inequalities implies that at least one
of the remaining two assumptions must fail, which can have
profound consequences for the causal explanation of the exper-
iment. We investigate the extent to which a given assump-
tion needs to be relaxed for the other to hold at all costs,
based on the observation that a violation need not occur on
every experimental trial, even when describing correlations vio-
lating Bell inequalities. How often this needs to be the case
determines the degree of, respectively, locality or free choice
in the observed experimental behavior. Despite their disparate
character, we show that both assumptions are equally costly.
Namely, the resources required to explain the experimental statis-
tics (measured by the frequency of causal interventions of either
sort) are exactly the same. Furthermore, we compute such defined
measures of locality and free choice for any nonsignaling statis-
tics in a Bell experiment with binary settings, showing that it
is directly related to the amount of violation of the so-called
Clauser–Horne–Shimony–Holt inequalities. This result is theory
independent as it refers directly to the experimental statis-
tics. Additionally, we show how the local fraction results for
quantum-mechanical frameworks with infinite number of set-
tings translate into analogous statements for the measure of free
choice we introduce. Thus, concerning statistics, causal explana-
tions resorting to either locality or free choice violations are fully
interchangeable.

locality | free choice | causality | Bell inequalities |
measure of locality and free choice

I would rather discover one true cause than gain the kingdom
of Persia.

Democritus (ca. 460–370 BC)

The study of experimental correlations provides a win-
dow into the underlying causal mechanisms, even when

their exact nature remains obscured. In his seminal works
(1–5) John Bell showed that seemingly innocuous assump-
tions about the structure of causal relationships leave a mark
on the observed statistics. The first assumption, called real-
ism (or counterfactual definiteness), presents the worldview in
which physical objects and their properties exist, whether they
are observed or not. Note that realism allows a standard notion
of causality (6, 7), which in turn provides us with the lan-
guage to express the remaining two assumptions. The local-
ity assumption is a statement that physical (or causal) influ-
ences propagate in accord with the spatiotemporal structure
of events (i.e., neither backward in time nor instantaneous
causation). The free-choice assumption asserts that the choice
of measurement settings can be made independently from
anything in the (causal) past. These three assumptions are
enough to derive testable constraints on correlations called Bell
inequalities.

Surprisingly, nature violates Bell inequalities (8–15), which
means that if the standard causal (or realist) picture is to be
maintained at least one of the remaining two assumptions, that
is locality or free choice, has to fail. It turns out that rejecting
just one of those two assumptions is always enough to explain
the observed correlations, while maintaining consistency with the
causal structure imposed by the other. Either option poses a chal-
lenge to deep-rooted intuitions about reality, with a full range of
viable positions open to serious philosophical dispute (16–18).
Notably, quantum theory in its operational formulation does not
provide any clue regarding the causal structure at work, leaving
such questions to the domain of interpretation. It is therefore
interesting to ask about the extent to which a given assump-
tion needs to be relaxed, if we insist on upholding the other
one (while always maintaining realism). In this paper, we seek
to compare the cost of locality and free choice on an equal foot-
ing, without any preconceived conceptual biases. As a basis for
comparison we choose to measure the weight of a given assump-
tion in terms of the following question: How often can a given

assumption, i.e., locality or free choice, be retained, while safe-

guarding the other assumption, in order to fully reproduce some

given experimental statistics within a standard causal (or realist)

approach?

This question presumes that a Bell experiment is performed
trial-by-trial and the observed statistics can be explained in the
standard causal model (or hidden variable) framework (1–7,
19–21), which subsumes realism. It means that the remaining
two assumptions of locality and free choice translate into con-
ditional independence between certain variables in the model,

Significance

Faced with a violation of Bell inequalities, a committed real-
ist might pursue an explanation of the observed correlations
on the basis of violations of the locality or free choice (some-
times called measurement independence) assumptions. The
question of whether it is better to abandon (partially or com-
pletely) locality or free choice has been strongly debated
since the inception of Bell inequalities, with ardent support-
ers on either side. We offer a comprehensive treatment that
allows a comparison of both assumptions on an equal footing,
demonstrating a deep interchangeability. This both advances
the foundational debate and provides quantitative answers
regarding the weight of each assumption for causal (or realist)
explanations of observed correlations.

Author contributions: P.B. designed and performed the research; P.B., E.M.P., J.M.Y., C.G.,
and E.B. discussed the results and wrote the paper.y

The authors declare no competing interest.y

This article is a PNAS Direct Submission.y

Published under the PNAS license.y
1 To whom correspondence may be addressed. Email: pawel.blasiak@ifj.edu.pl.y

This article contains supporting information online at https://www.pnas.org/lookup/suppl/
doi:10.1073/pnas.2020569118/-/DCSupplemental.y

Published April 22, 2021.

PNAS 2021 Vol. 118 No. 17 e2020569118 https://doi.org/10.1073/pnas.2020569118 | 1 of 9

D
ow

nl
oa

de
d 

at
 D

ia
ne

 S
ul

le
nb

er
ge

r o
n 

Ap
ril

 2
3,

 2
02

1 

PNAS 118 (17) e2020569118 (April 27, 2021) 

•  Which is more costly locality or free choice? 

•  Calculate and compare measures of both in QM and not only.
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Bell experiment — recap (I)

yx

a b
•  Observed

<latexit sha1_base64="mMzZDjijud03AzRtS4N1VA5tEyE=">AAADQnicbVJLb9NAEN6YR0t4pXDksiKKxCGK7K oCxIUKLhyD1LSVYiva3YzTVdZed3dc1Rj/F34M4gpX/gInEFcOrB0f6rQj7Wr0ffPtPHZ4pqRF3//Z827dvnN3Z/de//6Dh48eD/aeHFudGwEzoZU2p5xZUDKFGUpUcJoZYAlXcMLX72v+5AKMlTo9wiKDKGGrVMZSMHTQYvAmLKeLMrTCyAzbGwsFlDL++bKowupm1lGLwdCf+I3R607QOkPS2nSx1/sdLrXIE0hRKGbtPPAzjEpmUAoFVT/MLWRMrNkK5s5NWQI2KpsmKzpyyJLG2riTIm3Qq4qSJdYWCXeRCcMzu83V4E3cPMf4dVTKNMsRUrFJFOeKoqb1xOhSGhCoCucwNwJXKxVnzDCBbq6dLKkUEDui00mpGMKlq6yL1nUYG9tqu866uy2U82TMu/o5N2wNOD5PovJcSCNyiVV/1IngKwOwjppUnGtV9TsvHAVRWSdrmm5sRN92rRNvxVjbePNc xj7pjWg0Za5BmermW6xDrurdjgTbG3HdOd6fBC8n+x8Phofv2m3ZJc/Ic/KCBOQVOSQfyJTMiCBfyDfynfzwvnq/vD/e302o12s1T0nHvH//AWOVD6U=</latexit>

{Pab|xy}xy

<latexit sha1_base64="4BzIHUVP9Sdrj8RHo0AxC9pi9wM=">AAADIXicbVLNjtMwEHbD31L+unBCXCyqShyqKlmtgBsruHAs0nZ3pTaqbHfSterYWXuCNkQRD4O4wnNwQ9wQL8Ej4KQ5bLp8kq 3RNzOe+cbDMyUdhuHvXnDj5q3bd/bu9u/df/Dw0WD/8YkzuRUwE0YZe8aZAyU1zFCigrPMAku5glO+eVf7Tz+CddLoYywyiFO21jKRgqGnloOn02W5cMLKDNsbCwX0sqiWg2E4CRvQ60bUGkPSYrrc7/1drIzIU9AoFHNuHoUZxiWzKIWCqr/IHWRMbNga5t7ULAUXl42Gio48s6KJsf5opA17NaNkqXNFyn1kyvDc7fpq8n++eY7J67iUOssRtNgWSnJF0dB6IHQlLQhUhTeYn4DvlYpzZplAP7ZOFS0FJN7RUVIqhnDpO+uydR/WJa7a7bNWt8Nyno55N3/OLdsAji/SuLwQ0opcYtUfdSL42gJs4qYU50ZV/c4Lx1Fc1sUa0Q1G9E0XnXgnxsYl2+cy9slsk0ZT5gVKbZpvcZ65mu93JNrdiOvGycEkejk5+HA4PHrbbsseeUaekxckIq/IEXlPpmRG BPlMvpJv5HvwJfgR/Ax+bUODXpvzhHQQ/PkHLOoBDQ==</latexit>

Pxy

Experimental behaviour

Distribution of settings

After many trials Alice and Bob collect experimental statistics 
for outcomes a,b under different choices of settings x,y.



•  Realist (causal) framework

Hidden variable 
model

<latexit sha1_base64="Rca30swLLETonGeWo++c9msY2Rk="></latexit>

Pab|xy = Â
l2L

Pab|xyl · Pl|xy

<latexit sha1_base64="neZMSVjmYQV211vP3qnoJd/q00I=">AAADlnicdVLdbtMwFHYWfkb56+AGwY1FqcRFVTUTYrsBJhCCCy6KtG6TmqiynZPOqmNntoMWQl6B9+MtuOABcNIgLV05UqJP3/nOn8+hmeDGTia/vB3/xs1bt3fv9O7eu//gYX/v0YlRuWYwY0oofUaJAcElzCy3As4yDSSlAk7p6kPtP/0G2nAlj22RQZSSpeQJZ8Q6atH/OV2UoWGaZ7b920IAviyqEL8JcWjydKsgFK5GTEIuwy8 Nqv6X6EcrrUIWK4u3y/5pFv3BZDxpDF8HQQsGqLXpYs/7HcaK5SlIywQxZh5MMhuVRFvOBFS9MDeQEbYiS5g7KEkKJiqbh6vw0DExTpR2n7S4Ya9GlCQ1pkipU6bEnptNX01u881zmxxGJZdZbkGydaEkF9gqXG8Bx1wDs6JwgLhncL1idk40YdbtqlNFcgaJc3QmKQWxcOk667J1H9okptrss55ug6U0HdFu/JxqsgI7ukij8oJxzXJuq96wo6BLDbCKmlKUKlH1OhmOg6isizVDNzbE77rW0Rs2UiZZp8vId7UOGk6JG5BL1azFOOZqvLuRYPMiroOT/XHwerz/9dXg6H17LbvoGXqOXqIAHaAj9BlN0Qwx9Md76g28F/4T/63/0f+0lu54bcxj1DF/+hccZyxR</latexit>

Pxy = Â
l2L

Pxy|l · Pl
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Bell experiment — recap (I)

yx

a b
Experimental behaviour

Distribution of settings

•  Observed
<latexit sha1_base64="mMzZDjijud03AzRtS4N1VA5tEyE=">AAADQnicbVJLb9NAEN6YR0t4pXDksiKKxCGK7K oCxIUKLhyD1LSVYiva3YzTVdZed3dc1Rj/F34M4gpX/gInEFcOrB0f6rQj7Wr0ffPtPHZ4pqRF3//Z827dvnN3Z/de//6Dh48eD/aeHFudGwEzoZU2p5xZUDKFGUpUcJoZYAlXcMLX72v+5AKMlTo9wiKDKGGrVMZSMHTQYvAmLKeLMrTCyAzbGwsFlDL++bKowupm1lGLwdCf+I3R607QOkPS2nSx1/sdLrXIE0hRKGbtPPAzjEpmUAoFVT/MLWRMrNkK5s5NWQI2KpsmKzpyyJLG2riTIm3Qq4qSJdYWCXeRCcMzu83V4E3cPMf4dVTKNMsRUrFJFOeKoqb1xOhSGhCoCucwNwJXKxVnzDCBbq6dLKkUEDui00mpGMKlq6yL1nUYG9tqu866uy2U82TMu/o5N2wNOD5PovJcSCNyiVV/1IngKwOwjppUnGtV9TsvHAVRWSdrmm5sRN92rRNvxVjbePNc xj7pjWg0Za5BmermW6xDrurdjgTbG3HdOd6fBC8n+x8Phofv2m3ZJc/Ic/KCBOQVOSQfyJTMiCBfyDfynfzwvnq/vD/e302o12s1T0nHvH//AWOVD6U=</latexit>

{Pab|xy}xy

<latexit sha1_base64="4BzIHUVP9Sdrj8RHo0AxC9pi9wM=">AAADIXicbVLNjtMwEHbD31L+unBCXCyqShyqKlmtgBsruHAs0nZ3pTaqbHfSterYWXuCNkQRD4O4wnNwQ9wQL8Ej4KQ5bLp8kq 3RNzOe+cbDMyUdhuHvXnDj5q3bd/bu9u/df/Dw0WD/8YkzuRUwE0YZe8aZAyU1zFCigrPMAku5glO+eVf7Tz+CddLoYywyiFO21jKRgqGnloOn02W5cMLKDNsbCwX0sqiWg2E4CRvQ60bUGkPSYrrc7/1drIzIU9AoFHNuHoUZxiWzKIWCqr/IHWRMbNga5t7ULAUXl42Gio48s6KJsf5opA17NaNkqXNFyn1kyvDc7fpq8n++eY7J67iUOssRtNgWSnJF0dB6IHQlLQhUhTeYn4DvlYpzZplAP7ZOFS0FJN7RUVIqhnDpO+uydR/WJa7a7bNWt8Nyno55N3/OLdsAji/SuLwQ0opcYtUfdSL42gJs4qYU50ZV/c4Lx1Fc1sUa0Q1G9E0XnXgnxsYl2+cy9slsk0ZT5gVKbZpvcZ65mu93JNrdiOvGycEkejk5+HA4PHrbbsseeUaekxckIq/IEXlPpmRG BPlMvpJv5HvwJfgR/Ax+bUODXpvzhHQQ/PkHLOoBDQ==</latexit>

Pxy

yx

a b

P



Those assumptions entail testable constraints on correlations called Bell inequalities (violated in QM).
5

Bell experiment — recap (I)

yx

a b

P

•  Realist (causal) framework

•  Arrow of time (no retro-causality)

•  Locality

•  Free choice

Bell’s theorem

To be continued …

•  Observed
<latexit sha1_base64="mMzZDjijud03AzRtS4N1VA5tEyE=">AAADQnicbVJLb9NAEN6YR0t4pXDksiKKxCGK7K oCxIUKLhyD1LSVYiva3YzTVdZed3dc1Rj/F34M4gpX/gInEFcOrB0f6rQj7Wr0ffPtPHZ4pqRF3//Z827dvnN3Z/de//6Dh48eD/aeHFudGwEzoZU2p5xZUDKFGUpUcJoZYAlXcMLX72v+5AKMlTo9wiKDKGGrVMZSMHTQYvAmLKeLMrTCyAzbGwsFlDL++bKowupm1lGLwdCf+I3R607QOkPS2nSx1/sdLrXIE0hRKGbtPPAzjEpmUAoFVT/MLWRMrNkK5s5NWQI2KpsmKzpyyJLG2riTIm3Qq4qSJdYWCXeRCcMzu83V4E3cPMf4dVTKNMsRUrFJFOeKoqb1xOhSGhCoCucwNwJXKxVnzDCBbq6dLKkUEDui00mpGMKlq6yL1nUYG9tqu866uy2U82TMu/o5N2wNOD5PovJcSCNyiVV/1IngKwOwjppUnGtV9TsvHAVRWSdrmm5sRN92rRNvxVjbePNc xj7pjWg0Za5BmermW6xDrurdjgTbG3HdOd6fBC8n+x8Phofv2m3ZJc/Ic/KCBOQVOSQfyJTMiCBfyDfynfzwvnq/vD/e302o12s1T0nHvH//AWOVD6U=</latexit>

{Pab|xy}xy

<latexit sha1_base64="4BzIHUVP9Sdrj8RHo0AxC9pi9wM=">AAADIXicbVLNjtMwEHbD31L+unBCXCyqShyqKlmtgBsruHAs0nZ3pTaqbHfSterYWXuCNkQRD4O4wnNwQ9wQL8Ej4KQ5bLp8kq 3RNzOe+cbDMyUdhuHvXnDj5q3bd/bu9u/df/Dw0WD/8YkzuRUwE0YZe8aZAyU1zFCigrPMAku5glO+eVf7Tz+CddLoYywyiFO21jKRgqGnloOn02W5cMLKDNsbCwX0sqiWg2E4CRvQ60bUGkPSYrrc7/1drIzIU9AoFHNuHoUZxiWzKIWCqr/IHWRMbNga5t7ULAUXl42Gio48s6KJsf5opA17NaNkqXNFyn1kyvDc7fpq8n++eY7J67iUOssRtNgWSnJF0dB6IHQlLQhUhTeYn4DvlYpzZplAP7ZOFS0FJN7RUVIqhnDpO+uydR/WJa7a7bNWt8Nyno55N3/OLdsAji/SuLwQ0opcYtUfdSL42gJs4qYU50ZV/c4Lx1Fc1sUa0Q1G9E0XnXgnxsYl2+cy9slsk0ZT5gVKbZpvcZ65mu93JNrdiOvGycEkejk5+HA4PHrbbsseeUaekxckIq/IEXlPpmRG BPlMvpJv5HvwJfgR/Ax+bUODXpvzhHQQ/PkHLOoBDQ==</latexit>

Pxy

<latexit sha1_base64="Rca30swLLETonGeWo++c9msY2Rk="></latexit>

Pab|xy = Â
l2L

Pab|xyl · Pl|xy

<latexit sha1_base64="neZMSVjmYQV211vP3qnoJd/q00I=">AAADlnicdVLdbtMwFHYWfkb56+AGwY1FqcRFVTUTYrsBJhCCCy6KtG6TmqiynZPOqmNntoMWQl6B9+MtuOABcNIgLV05UqJP3/nOn8+hmeDGTia/vB3/xs1bt3fv9O7eu//gYX/v0YlRuWYwY0oofUaJAcElzCy3As4yDSSlAk7p6kPtP/0G2nAlj22RQZSSpeQJZ8Q6atH/OV2UoWGaZ7b920IAviyqEL8JcWjydKsgFK5GTEIuwy8 Nqv6X6EcrrUIWK4u3y/5pFv3BZDxpDF8HQQsGqLXpYs/7HcaK5SlIywQxZh5MMhuVRFvOBFS9MDeQEbYiS5g7KEkKJiqbh6vw0DExTpR2n7S4Ya9GlCQ1pkipU6bEnptNX01u881zmxxGJZdZbkGydaEkF9gqXG8Bx1wDs6JwgLhncL1idk40YdbtqlNFcgaJc3QmKQWxcOk667J1H9okptrss55ug6U0HdFu/JxqsgI7ukij8oJxzXJuq96wo6BLDbCKmlKUKlH1OhmOg6isizVDNzbE77rW0Rs2UiZZp8vId7UOGk6JG5BL1azFOOZqvLuRYPMiroOT/XHwerz/9dXg6H17LbvoGXqOXqIAHaAj9BlN0Qwx9Md76g28F/4T/63/0f+0lu54bcxj1DF/+hccZyxR</latexit>

Pxy = Â
l2L

Pxy|l · Pl

<latexit sha1_base64="D46VfDgYufUFT6JjFGFZaNvOSWA=">AAADeHicdVJNb9NAEF0ntJTwlcKRy4ooAqQoiiMEXBAVXDgGqWkrxVa0uxmnq6y97u4YJTj+m0j8C86IA2vHquqUjmRr9Oa9+drhqZIWR6NfXqt97+Dw/tGDzsNHj5887R4/O7M6MwKmQittLjizoGQCU5So4CI1wGKu4JyvvpTx8+9grNTJKW5SCGO2TGQkBUMHzbvpZJ4HVhiZYv3HjQLK+Ha9CZTLs2BFQD8G9A7edn3NEguNd9D49jrZvNsbDUeV0duOXzs9Uttkfuz9DhZaZDEkKBSzduaPUgxzZlAKBUUnyCykTKzYEmbOTVgMNsyr1RS075AFjbRxX4K0Qm8qchZbu4m5Y8YML+1+rAT/F5t lGH0Ic5mkGUIidoWiTFHUtNwzXUgDAtXGOcxtwvVKxSUzTKB7jUaVRAqIXKAxSa4Ywtp11kTLPoyNbLHfZzndHsp5POBN/YwbtgIcXMVhfiWkEZnEotNvMPjSAKzCqhTnWhWdRoZTP8zLYtXQlfXpp6Y1+FYMtI126VL2Q+9E/QlzA8pEV89iHXJT727E37+I287ZeOi/G46/ve2dfK6v5Yi8IC/Ja+KT9+SEfCUTMiWC/CR/vQPvsPWnTduv2m921JZXa56ThrXH/wC37SDy</latexit>

Pab|xyl = Pa|xl · Pb|yl

<latexit sha1_base64="g6PSn0xG Y1FKGABNimLO1hIa+6Q=">AAADTHicfVJNb9NAEN24UEr4SuHIZUUUiUMU2VUFXBAVcOAYpKatFFvR7macrrL2urtjVGP8h/gxiGv5FRy4ISTWjg91ihhprac38+bLwzMlLfr+Vc/buXV7987e3f69+w8ePhrsPz6xOjcCZkIrbc44s6BkCjOUqOAsM8ASruCUr9/V/tNPYKzU6TEWGUQJW6UyloKhoxaD99NFGVphZIbtFwsFNFQuxZJ9uSyqkL4O6X+jqsVg6E/8xuhNELRgSFqbLvZ7P8OlFnkCKQrFrJ0HfoZRyQxKoaDqh7mFjIk1W8HcwZQlYKOyGbeiI8csaayNeynShr2uKFlibZFwF5kwPLfbvpr8l2+eY/wqKmWa5Qip2BSKc0VR03p3dCkNCFSFA8ytwfVKxTkzTKDbcKdKKgXEztGZpFQM4dJ11mXrPoyNbbXdZz3dFst5MuZd/ZwbtgYc XyRReSGkEbnEqj/qRPCVAVhHTSnOtar6nQzHQVTWxZqhGxvRN13rxFsx1jbepMvYZ70RjabMDShT3fwW65jrencjwfZF3AQnB5PgxeTg4+Hw6G17LXvkKXlGnpOAvCRH5AOZkhkR5Cv5Tq7ID++b98v77f3ZhHq9VvOEdGxn9y+neRJl</latexit>

Pl|xy = Pl (or equiv.                       )
<latexit sha1_b ase64="kbChfa7SH6Va2O7vvZWpGSJQkuI=">AAADR3icdVJLb9NAEN64PEp4pXDksiKKxCGK7AoBh6JW4sIxSE1bKbai3c04XWXtdXfHVY3xz+HHIK5w4FfACXFk7fhQpzDSWp++mW9eHp4padH3f/S8nVu379zdvde//+Dho8eDvScnVudGwExopc0ZZxaUTGGGEhWcZQZYwhWc8vW72n96CcZKnR5jkUGUsFUqYykYOmoxOJwuytAKIzNsv1gooFfFp1C5LEtW hfRtSP8XVS0GQ3/iN0ZvgqAFQ9LadLHX+xUutcgTSFEoZu088DOMSmZQCgVVP8wtZEys2QrmDqYsARuVzaQVHTlmSWNt3EuRNux1RckSa4uEu8iE4bnd9tXkv3zzHOM3USnTLEdIxaZQnCuKmtZro0tpQKAqHGBuA65XKs6ZYQLdcjtVUikgdo7OJKViCFeusy5b92FsbKvtPuvpt ljOkzHv6ufcsDXg+CKJygshjcglVv1RJ4KvDMA6akpxrlXV72Q4DqKyLtYM3diIHnatE2/FWNt4ky5jH/VGNJoyN6BMdfNbrGOu692NBNsXcROc7E+CV5P9Dy+HRwftteySZ+Q5eUEC8pockfdkSmZEkM/kK/lGvntfvJ/eb+/PJtTrtZqnpGM7vb+oHxBh</latexit>

Pxy|l = Pxy

Experimental behaviour

Distribution of settings

Hidden variable 
model
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Heuristic idea

How often a given assumption, i.e. locality or free choice, can be retained, while safeguarding the other assumption, 
in order to fully reproduce some given experimental statistics within a standard causal (or realist) approach?

Violation of Locality

yx

a b

yx

a b

vs. Violation of Free choice
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Violation of Locality vs. Violation of Free choice

y

Free               Non-Free

P

only for
x only for

‘‘‘ ‘

‘‘
‘‘

a b

‘‘

y

Local                 Non-Loca l

P

only for L

x

LL

a b

‘‘ ‘

‘

y

Local                 Non-Loca l

P

only for L

x

LL

a b

‘‘ ‘

‘

y

Free               Non-Free

P

only for
x only for

‘‘‘ ‘

‘‘
‘‘

a b

‘‘

<latexit sha1_base64="xORn5KJ5YN3n13DBpQYHwcnFFV0="></latexit>

l 2 L0
L , locality holds for all x, y

l 2 L0
NL , locality fails for some x, y

<latexit sha1_base64="xORn5KJ5YN3n13DBpQYHwcnFFV0="></latexit>

l 2 L0
L , locality holds for all x, y

l 2 L0
NL , locality fails for some x, y

<latexit sha1_base64="xORn5KJ5YN3n13DBpQYHwcnFFV0="></latexit>

l 2 L0
L , locality holds for all x, y

l 2 L0
NL , locality fails for some x, y

<latexit sha1_base64="yNBmts6i8Mnl93Uh21ujvjwrhmQ="></latexit>

fails

<latexit sha1_base64="BR/T35T7WyThPXOOuJuQ4rzRwvU="></latexit>

holds
<latexit sha1_base64="RGKvyL2lIx59ORwqqaHxPPUKfhQ="></latexit>

l 2 L00
F , free choice holds for all x, y

l 2 L00
NF , free choice fails for some x, y

<latexit sha1_base64="xORn5KJ5YN3n13DBpQYHwcnFFV0="></latexit>

l 2 L0
L , locality holds for all x, y

l 2 L0
NL , locality fails for some x, y

<latexit sha1_base64="xORn5KJ5YN3n13DBpQYHwcnFFV0=">AAAEa3ic rVNNb9QwEE3aBcry1dIbcDC0W3pYrTYVAm5U4sKhQkXql7QOle1Mdq117NR2SoOVH8hP4EcgOMINJ7tCzbZIHJhDNHoz8+bNeEJzwY0dDr+GS8udGzdvrdzu3rl77/6D1bWHR0YVmsEhU0LpE0oMCC7h0HIr4CTXQDIq4JhO39bx43PQhit5YMsc4oyMJU85I9ZDp2shxRTGXDqiNSkrJ5ioulh4goRgLvFe4506bJjmuZ1/bSkA7VUfHX56TeB5tYUR3oPUaj6eWM+sPmG0hS1cWJo6oRgR3JaVT6ohN1EiMShVGuFCJqDrWVwT4tYRIaoKbV70y80Kn5ucMHDDQcSyCuN/FPr+vylNCRd/VWpUBn+kdjHIZL7U09WN4WDYGLrqRHNnI5jbvn+VHzhRrMhAWiaIMaNomNvY01nOBHjywoDfxJSMYeRdSTIwsWuuoUI9jySNyFRJixr0coUjmTFlRn1mRu zELMZq8LrYqLDp69hxmRcWJJs1SguBrEL1aaGEa2BWlN4hfsleK2ITogmz/gBbXSRnkPpAaxIniN+kV9ZGax3apKZa1FlPt4BSmvVpu35ENZmC7Z9lsTtjXLOC26rba2XQsQaYxk0rSpX/A1oMB1Hs6mbN0I310Ju2tfIN6yuTzuhy8lnNinr7xA/IpWqexXjkcr2/kWjxIq46RzuD6OVg58OLjd3d+bWsBI+DZ8F2EAWvgt3gXbAfHAYs/BJ+D3+Gv5a/ddY7jzpPZqlL4bxmPWhZp/cb2W5/0A==</latexit>

l 2 L0
L , locality holds for all x, y

l 2 L0
NL , locality fails for some x, y

<latexit sha1_base64="yNBmts6i8Mnl93Uh21ujvjwrhmQ=">AAADFHicdVJNa9tAEF2rX6n7lbTHXpYaQw9GSIpxnFMMvfToQJwEbDXsrkfO4tWusrsqdYT+Rsi1/R29lV5z77/oT+hKdiEy7Q PB8GbezpvR0ExwY4PgV8t78PDR4yc7T9vPnr94+Wp37/WpUblmMGFKKH1OiQHBJUwstwLOMw0kpQLO6PJDlT/7DNpwJU/sKoM4JQvJE86IddSnmYUvliZFQrgw5cVuJ/CHw8PBoI8DP+zvR4PIBVFwEB6GOPSDGh20wfhir/V7NlcsT0FaJogx0zDIbFwQbTkTULZnuYGMsCVZwNSFkqRg4qK2XeKuY+Y4Udp90uKava8oSGrMKqWuMiX20mznKvJfuWluk2FccJnlFiRbN0pyga3C1Q7wnGtgVqxcQJjmzitml0QTZt2mGl0kZ5C4RGOSQhC3NuesyVY+tElMue2zmm6LpTTt0aZ+SjVZgu1dpXFxxbhmObdlu9uooAsNsIzrVpQqUbYbL5yEcVE1q4eu0cVHTTTqDespk6yfy8i1Wou6Y+IG5FLVv8U45r7e3cjfQ8D/D04jPxz40XG/MxptrmUHvUXv 0HsUogM0Qh/RGE0QQxrdoq/om3fjffd+eD/XpV5ro3mDGvDu/gCG8Pwt</latexit>

fails

<latexit sha1_base64="BR/T35T7WyThPXOOuJuQ4rzRwvU=">AAADFHicdVJNb9NAEN2YrxK+WjhyWRFF4hBZtjFNeyISF45BatpKial2N+NklfWuu7uuGiz/DcQVfgc3xJU7/4KfwNoJUh3BkyyN3szbeTMemgtubBD86ni3bt+5e2/vfvfBw0ePn+wfPD01qtAMJkwJpc8pMSC4hInlVsB5roFkVMAZXb2t82dXoA1X8sSuc0gyspA85YxYR32YWbi2NC2XSsxNdbHfC/xXw9fRcYwDfxjGURy4IDw+jI5iHPpBgx7aYnxx0Pk9mytWZCAtE8SYaRjkNimJtpwJqLqzwkBO2IosYOpCSTIwSdnYrnDfMXOcKu0+aXHD3lSUJDNmnVFXmRG7NLu5mvxXblrY9CgpucwLC5JtGqWFwFbhegd4zjUwK9YuIExz5 xWzJdGEWbepVhfJGaQu0ZqkFMStzTlrs7UPbVJT7fqsp9thKc0GtK2fUk1WYAeXWVJeMq5ZwW3V7bcq6EIDrJKmFaVKVN3WCydhUtbNmqEb9PGbNlr1hg2USTfP5eSj2oj6Y+IG5FI1v8U45qbe3cjfQ8D/D04jPzz0o/dxbzTaXsseeo5eoJcoREM0Qu/QGE0QQxp9Rl/QV++T98377v3YlHqdreYZasH7+Qeg4vw3</latexit>

holds
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Violation of Locality vs. Violation of Free choice

y

Free               Non-Free

P

only for
x only for

‘‘‘ ‘

‘‘
‘‘

a b

‘‘

y

Local                 Non-Loca l

P

only for L

x

LL

a b

‘‘ ‘

‘

y

Local                 Non-Loca l

P

only for L

x

LL

a b

‘‘ ‘

‘

y

Free               Non-Free

P

only for
x only for

‘‘‘ ‘

‘‘
‘‘

a b

‘‘

<latexit sha1_base64="XyfHQW0BbCV5pwWS2nTikIrQH2s="></latexit>

Prob (l 2 L0
L) ⌘ Â

l2LL

Pl
<latexit sha1_base64="7mRgfnQFqEh3AwRyg8Z38y45Pw8="></latexit>0

<latexit sha1_base64="bTDow7g/0rDQ0/A5LutO160dwT4="></latexit>

Prob (l 2 L00
F) ⌘ Â

l2LF

Pl
<latexit sha1_base64="k5WRmT30pbmeNWL985MHwOTXuro="></latexit>00

<latexit sha1_base64="xORn5KJ5YN3n13DBpQYHwcnFFV0="></latexit>

l 2 L0
L , locality holds for all x, y

l 2 L0
NL , locality fails for some x, y

<latexit sha1_base64="xORn5KJ5YN3n13DBpQYHwcnFFV0="></latexit>

l 2 L0
L , locality holds for all x, y

l 2 L0
NL , locality fails for some x, y

<latexit sha1_base64="xORn5KJ5YN3n13DBpQYHwcnFFV0="></latexit>

l 2 L0
L , locality holds for all x, y

l 2 L0
NL , locality fails for some x, y

<latexit sha1_base64="yNBmts6i8Mnl93Uh21ujvjwrhmQ="></latexit>

fails

<latexit sha1_base64="BR/T35T7WyThPXOOuJuQ4rzRwvU="></latexit>

holds
<latexit sha1_base64="RGKvyL2lIx59ORwqqaHxPPUKfhQ="></latexit>

l 2 L00
F , free choice holds for all x, y

l 2 L00
NF , free choice fails for some x, y

<latexit sha1_base64="xORn5KJ5YN3n13DBpQYHwcnFFV0="></latexit>

l 2 L0
L , locality holds for all x, y

l 2 L0
NL , locality fails for some x, y

<latexit sha1_base64="xORn5KJ5YN3n13DBpQYHwcnFFV0=">AAAEa3ic rVNNb9QwEE3aBcry1dIbcDC0W3pYrTYVAm5U4sKhQkXql7QOle1Mdq117NR2SoOVH8hP4EcgOMINJ7tCzbZIHJhDNHoz8+bNeEJzwY0dDr+GS8udGzdvrdzu3rl77/6D1bWHR0YVmsEhU0LpE0oMCC7h0HIr4CTXQDIq4JhO39bx43PQhit5YMsc4oyMJU85I9ZDp2shxRTGXDqiNSkrJ5ioulh4goRgLvFe4506bJjmuZ1/bSkA7VUfHX56TeB5tYUR3oPUaj6eWM+sPmG0hS1cWJo6oRgR3JaVT6ohN1EiMShVGuFCJqDrWVwT4tYRIaoKbV70y80Kn5ucMHDDQcSyCuN/FPr+vylNCRd/VWpUBn+kdjHIZL7U09WN4WDYGLrqRHNnI5jbvn+VHzhRrMhAWiaIMaNomNvY01nOBHjywoDfxJSMYeRdSTIwsWuuoUI9jySNyFRJixr0coUjmTFlRn1mRu zELMZq8LrYqLDp69hxmRcWJJs1SguBrEL1aaGEa2BWlN4hfsleK2ITogmz/gBbXSRnkPpAaxIniN+kV9ZGax3apKZa1FlPt4BSmvVpu35ENZmC7Z9lsTtjXLOC26rba2XQsQaYxk0rSpX/A1oMB1Hs6mbN0I310Ju2tfIN6yuTzuhy8lnNinr7xA/IpWqexXjkcr2/kWjxIq46RzuD6OVg58OLjd3d+bWsBI+DZ8F2EAWvgt3gXbAfHAYs/BJ+D3+Gv5a/ddY7jzpPZqlL4bxmPWhZp/cb2W5/0A==</latexit>

l 2 L0
L , locality holds for all x, y

l 2 L0
NL , locality fails for some x, y

<latexit sha1_base64="yNBmts6i8Mnl93Uh21ujvjwrhmQ=">AAADFHicdVJNa9tAEF2rX6n7lbTHXpYaQw9GSIpxnFMMvfToQJwEbDXsrkfO4tWusrsqdYT+Rsi1/R29lV5z77/oT+hKdiEy7Q PB8GbezpvR0ExwY4PgV8t78PDR4yc7T9vPnr94+Wp37/WpUblmMGFKKH1OiQHBJUwstwLOMw0kpQLO6PJDlT/7DNpwJU/sKoM4JQvJE86IddSnmYUvliZFQrgw5cVuJ/CHw8PBoI8DP+zvR4PIBVFwEB6GOPSDGh20wfhir/V7NlcsT0FaJogx0zDIbFwQbTkTULZnuYGMsCVZwNSFkqRg4qK2XeKuY+Y4Udp90uKava8oSGrMKqWuMiX20mznKvJfuWluk2FccJnlFiRbN0pyga3C1Q7wnGtgVqxcQJjmzitml0QTZt2mGl0kZ5C4RGOSQhC3NuesyVY+tElMue2zmm6LpTTt0aZ+SjVZgu1dpXFxxbhmObdlu9uooAsNsIzrVpQqUbYbL5yEcVE1q4eu0cVHTTTqDespk6yfy8i1Wou6Y+IG5FLVv8U45r7e3cjfQ8D/D04jPxz40XG/MxptrmUHvUXv 0HsUogM0Qh/RGE0QQxrdoq/om3fjffd+eD/XpV5ro3mDGvDu/gCG8Pwt</latexit>

fails

<latexit sha1_base64="BR/T35T7WyThPXOOuJuQ4rzRwvU=">AAADFHicdVJNb9NAEN2YrxK+WjhyWRFF4hBZtjFNeyISF45BatpKial2N+NklfWuu7uuGiz/DcQVfgc3xJU7/4KfwNoJUh3BkyyN3szbeTMemgtubBD86ni3bt+5e2/vfvfBw0ePn+wfPD01qtAMJkwJpc8pMSC4hInlVsB5roFkVMAZXb2t82dXoA1X8sSuc0gyspA85YxYR32YWbi2NC2XSsxNdbHfC/xXw9fRcYwDfxjGURy4IDw+jI5iHPpBgx7aYnxx0Pk9mytWZCAtE8SYaRjkNimJtpwJqLqzwkBO2IosYOpCSTIwSdnYrnDfMXOcKu0+aXHD3lSUJDNmnVFXmRG7NLu5mvxXblrY9CgpucwLC5JtGqWFwFbhegd4zjUwK9YuIExz5 xWzJdGEWbepVhfJGaQu0ZqkFMStzTlrs7UPbVJT7fqsp9thKc0GtK2fUk1WYAeXWVJeMq5ZwW3V7bcq6EIDrJKmFaVKVN3WCydhUtbNmqEb9PGbNlr1hg2USTfP5eSj2oj6Y+IG5FI1v8U45qbe3cjfQ8D/D04jPzz0o/dxbzTaXsseeo5eoJcoREM0Qu/QGE0QQxp9Rl/QV++T98377v3YlHqdreYZasH7+Qeg4vw3</latexit>

holds
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the maximal fraction of trials in which Alice and Bob 
do not need to communicate trying to simulate a given 
behaviour                for any distribution of settings      , 
optimised over all conceivable strategies with 
freely chosen settings.

Violation of Locality vs. Violation of Free choice

the maximal fraction of trials in which Alice and Bob 
can grant freedom of choice of settings in trying to 
simulate a given behaviour                for any 
distribution of settings      , optimised over all 
conceivable local strategies.

yx

a b

yx

a b

Measure of locality Measure of free choice

<latexit sha1_base64="8iZBtpfx6i0yaCJrUx5gIGdot1Q="></latexit>

Pxy
<latexit sha1_base64="8iZBtpfx6i0yaCJrUx5gIGdot1Q=">AAADInicbVLNjtMwEHbD31L+unCDi0VViUNVJSsE3KjEhWORtrsrtVFlu5OuVcfO2hO0IYrEwyCu8BzcECckHoJHwElz2HT5JFujb2Y8842HZ0o6DMPfveDGzVu37xzc7d+7/+Dho8Hh4xNncitgLowy9owzB0pqmKNEBWeZBZZyBad8+672n34E66TRx1hkEKdso2UiBUNPrQZPZ6ty6YSVGbY3FgoovSyq1WAYTsIG9LoRtcaQtJitDnt/l2sj8hQ0CsWcW0RhhnHJLEqhoOovcwcZE1u2gYU3NUvBxWUjoqIjz6xpYqw/GmnDXs0oWepckXIfmTI8d/u+m vyfb5Fj8iYupc5yBC12hZJcUTS0nghdSwsCVeEN5kfge6XinFkm0M+tU0VLAYl3dJSUiiFc+s66bN2HdYmr9vus1e2xnKdj3s1fcMu2gOOLNC4vhLQil1j1R50IvrEA27gpxblRVb/zwnEUl3WxRnSDEX3bRSfeibFxye65jH0yu6TRjHmBUpvmW5xnrub7HYn2N+K6cXI0iV5Njj68HE6n7bYckGfkOXlBIvKaTMl7MiNzIshn8pV8I9+DL8GP4Gfwaxca9NqcJ6SD4M8/sGMBNQ==</latexit>

Pxy
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Measure of locality

Violation of Locality vs. Violation of Free choice

Measure of free choice

yx

a b

yx

a b

Hidden variable model 
with free choice

Hidden variable model 
with locality
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Measure of locality

Measure of free choice

yx

a b

yx

a b
Comparison

For a given behaviour                the degree of locality and  
free choice are the same, i.e.

•  Sketch of proof

Theorem:

µL = µF

<latexit sha1_base64="F9FDbqcUBVr68Z24zRUzPJqYk2E="></latexit>

- Get rid of the mins (warning)

- Bijective construction

Hidden variable 
model

<latexit sha1_base64="Rca30swLLETonGeWo++c9msY2Rk="></latexit>

Pab|xy = Â
l2L

Pab|xyl · Pl|xy

<latexit sha1_base64="neZMSVjmYQV211vP3qnoJd/q00I="></latexit>

Pxy = Â
l2L

Pxy|l · Pl

•  Any number of settings and outcomes 
•  Readily extends to any number of parties
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yx

a b

yx

a b
Comparison

For a given behaviour                the degree of locality and  
free choice are the same, i.e.

•  Sketch of proof

Theorem:

µL = µF

<latexit sha1_base64="F9FDbqcUBVr68Z24zRUzPJqYk2E="></latexit>

- Get rid of the mins (warning)

- Bijective construction

<latexit sha1_base64="Rca30swLLETonGeWo++c9msY2Rk="></latexit>

Pab|xy = Â
l2L

Pab|xyl · Pl|xy

<latexit sha1_base64="neZMSVjmYQV211vP3qnoJd/q00I="></latexit>

Pxy = Â
l2L

Pxy|l · Pl

<latexit sha1_base64="VyB4s6U1z1RgJJD6zkkYmOcrQws="></latexit>

P̃xy|l =
Pl|xy · P̃xy

Pl

6 1

<latexit sha1_base64="ZcW6nsO7xutrpEwQOH1ewPJ+UvA="></latexit>

P̃xy = Â
l2L

P̃xy|l · Pl

?

Measure of locality

Measure of free choice

•  Any number of settings and outcomes 
•  Readily extends to any number of parties



Galileo GALILEI 
(1564 - 1642)

"Measure what is measurable, 
and make measurable what is not so."

"I would rather discover one true cause 
than gain the kingdom of Persia."

Democritus 
(460 - 370 BC)

<latexit sha1_base64="QzB7iifIzyAhJfG7fiAixnta5Tg="></latexit>

µL = µF = ?
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Bell experiment — recap (II)

yx

a b

P

Bell’s theorem

•  Non-signalling polytope (free choice assumed)

Realism + Locality + Free choice:

whereas in QM it can be:

Tsirelson PR- box

<latexit sha1_base64="jrsiElxUy2Wl3sXPLJWS6I2LoVc="></latexit>

|Si| 6 2

•  Bell-CHSH expressions

where:        

<latexit sha1_base64="LPgscFswV5CA/gEjgAvrRutxLsM=">AAADJnic bVLNjtMwEHbD31L+unBEQhZVJQ5V1axWsBdEJS4ci9jurtREle1OulYdO2tPVpQoNx4GcYXn4IYQNx6BR8BJc9h0+SRbo29mPPONh2dKOhyPf3eCGzdv3b6zd7d77/6Dh496+49PnMmtgJkwytgzzhwoqWGGEhWcZRZYyhWc8vXbyn96CdZJo49xk0GcspWWiRQMPbXoPfuwKCInrMywuXGjgNKwjOjriC56/fFoXINeN8LG6JMG08V+52+0NCJPQaNQzLl5OM4wLphFKRSU3Sh3kDGxZiuYe1OzFFxc1EJKOvDMkibG+qOR1uzVjIKlzm1S7iNThudu11eR//PNc0yO4kLqLEfQYlsoyRVFQ6up0KW0IFBtvMH8GHyvVJwzywT62bWqaCkg8Y6WkkIxhI++szZb9WFd4srdPit1Oyzn6ZC38+fcsjXg8CKNiwshrcgllt1BK4KvLMA6rktxblTZbb1wHM ZFVawWXWNA37TRindiaFyyfS5jn8w2aTBlXqDUpv4W55mr+X5Hwt2NuG6cHIzCl6OD94f9yaTZlj3ylDwnL0hIXpEJeUemZEYE+Uy+km/ke/Al+BH8DH5tQ4NOk/OEtBD8+Qev9AHV</latexit>

S1 =
<latexit sha1_base64="S90A+/UbAUKTBA/ObBuhfbTknFY=">AAADJnic bVLNjtMwEHbD31L+unBEQhZVJQ5V1VQr4IKoxIVjEdvdlZqost1J16pjZ+0JokS58TCIKzwHN4S48Qg8Ak6aw6bLJ9kafTPjmW88PFPS4Xj8uxNcu37j5q2D2907d+/df9A7fHjiTG4FzIVRxp5x5kBJDXOUqOAss8BSruCUb95U/tMPYJ00+hi3GcQpW2uZSMHQU8vek/fLInLCygybG7cKKJ2UEX0V0WWvPx6Na9CrRtgYfdJgtjzs/I1WRuQpaBSKObcIxxnGBbMohYKyG+UOMiY2bA0Lb2qWgouLWkhJB55Z0cRYfzTSmr2cUbDUuW3KfWTK8Nzt+yryf75FjsnLuJA6yxG02BVKckXR0GoqdCUtCFRbbzA/Bt8rFefMMoF+dq0qWgpIvKOlpFAM4aPvrM1WfViXuHK/z0rdHst5OuTt/AW3bAM4vEjj4kJIK3KJZXfQiuBrC7CJ61KcG1V2Wy8ch3 FRFatF1xjQ12204p0YGpfsnsvYJ7NLGsyYFyi1qb/FeeZyvt+RcH8jrhonk1H4fDR5d9SfTpttOSCPyVPyjITkBZmSt2RG5kSQz+Qr+Ua+B1+CH8HP4NcuNOg0OY9IC8Gff7KdAdY=</latexit>

S2 =
<latexit sha1_base64="lS6tivjEM3BL51jleQk163s+M/Q=">AAADJnic bVLNjtMwEHbDzy7lrwtHJGRRVeJQVc2CWC6ISlw4FrHdXamJKtuddK06dtaeIEqUGw+DuMJzcEOIG4/AI+CkOWy6fJKt0TcznvnGwzMlHY7HvzvBtes3bu7t3+revnP33v3ewYMTZ3IrYCaMMvaMMwdKapihRAVnmQWWcgWnfP2m8p9+AOuk0ce4ySBO2UrLRAqGnlr0Hr9fFJETVmbY3LhRQOmzMqKvIrro9cejcQ161Qgbo08aTBcHnb/R0og8BY1CMefm4TjDuGAWpVBQdqPcQcbEmq1g7k3NUnBxUQsp6cAzS5oY649GWrOXMwqWOrdJuY9MGZ67XV9F/s83zzF5GRdSZzmCFttCSa4oGlpNhS6lBYFq4w3mx+B7peKcWSbQz65VRUsBiXe0lBSKIXz0nbXZqg/rElfu9lmp22E5T4e8nT/nlq0BhxdpXFwIaUUusewOWhF8ZQHWcV2Kc6PKbuuF4z AuqmK16BoD+rqNVrwTQ+OS7XMZ+2S2SYMp8wKlNvW3OM9czvc7Eu5uxFXj5HAUvhgdvnven0yabdknj8gT8pSE5IhMyFsyJTMiyGfylXwj34MvwY/gZ/BrGxp0mpyHpIXgzz+1RgHX</latexit>

S3 =
<latexit sha1_base64="RXZAT7npkEsbu83GrSXFrTjS/2Y=">AAADJnic bVLNjtMwEHbD31L+unBEQhZVJQ5V1axWsBdEJS4ci9jurtREle1OulYdO2tPVpQoNx4GcYXn4IYQNx6BR8BJc9h0+SRbo29mPPONh2dKOhyPf3eCGzdv3b6zd7d77/6Dh496+49PnMmtgJkwytgzzhwoqWGGEhWcZRZYyhWc8vXbyn96CdZJo49xk0GcspWWiRQMPbXoPfuwKCInrMywuXGjgNLDMqKvI7ro9cejcQ163Qgbo08aTBf7nb/R0og8BY1CMefm4TjDuGAWpVBQdqPcQcbEmq1g7k3NUnBxUQsp6cAzS5oY649GWrNXMwqWOrdJuY9MGZ67XV9F/s83zzE5igupsxxBi22hJFcUDa2mQpfSgkC18QbzY/C9UnHOLBPoZ9eqoqWAxDtaSgrFED76ztps1Yd1iSt3+6zU7bCcp0Pezp9zy9aAw4s0Li6EtCKXWHYHrQi+sgDruC7FuVFlt/XCcR gXVbFadI0BfdNGK96JoXHJ9rmMfTLbpMGUeYFSm/pbnGeu5vsdCXc34rpxcjAKX44O3h/2J5NmW/bIU/KcvCAheUUm5B2ZkhkR5DP5Sr6R78GX4EfwM/i1DQ06Tc4T0kLw5x+37wHY</latexit>

S4 =

<latexit sha1_base64="KC/ImWvjExru9nfac/5ENCmmTa8=">AAADs3icjVLNjtMwEHY2/Czlr4UjF4uqEhKlSlawy40iLhyLtN1dKY0q2510rfonazsrSpQn4ol4Cx4BJ81h0+XQkWx9+uYbz4xnaC64dVH0JzgKHzx89Pj4Se/ps+cvXvYHry6sLgyDOdNCmytKLAiuYO64E3CVGyCSCrikm2+1//IWjOVanbttDqkka8Uzzojz1LL/eyGIWgvAhC5Mg5blwjLDc9febuu9OIqq94dK44OlcVR9OFQaV8v+MJpEjeH7IG7BELU2Ww6Cv4uVZoUE5Zgg1iZxlLu0JMZxJqDqLQoLOWEbsobEQ0Uk2LRsfrXCI8+scKaNP8rhhr0bURJp7VZSr5TEXdt9X03+z5cULvu cllzlhQPFdomyQmCncT0ivOIGmBNbD4j/Al8rZtfEEOb8IDtZFGeQeUenk1IQBz99ZV22rsPYzFb7ddbd7bGUyjHtxifUkA248Y1MyxvGDSu4q3qjjoKuDcAmbVJRqkXV67xwHqdlnaxpurER/tK1jt6ysbbZ7rmc/NK7oNGM+Aa50s1YrGfuxvsdifc34j64OJnEp5OTHx+H02m7LcfoDXqL3qEYnaEp+o5maI5YMAjOgmnwNfwUJiENVzvpUdDGvEYdC+U/SG80tA==</latexit>

habi00 + habi01 + habi10 � habi11
<latexit sha1_base64="1ihu9XXhTfVkkaqOZ9nU+lwtcDk=">AAADs3icjVLLbtNAFB3XPEp4JbBkMyKKhESI7ApadgSxYRmkpq3kWNHM5DodZR7uzLgiWP4ivoi/4BMYO17UKYtcydbRuee+5l6aC25dFP0JjsIHDx89Pn7Se/rs+YuX/cGrC6sLw2DOtNDmihILgiuYO+4EXOUGiKQCLunmW+2/vAVjuVbnbptDKsla8Ywz4jy17P9eCKLWAjChC9OgZbmwzPDctX+39V4cRdX7Q6Vx9eFAaXx41jiulv1hNIkaw/dB3IIham22HAR/FyvNCgnKMUGsTeIod2lJjONMQNVbFBZywjZkDYmHikiwadm8aoVHnlnhTBv/KYcb9m5ESaS1W0m9UhJ3bfd9Nfk/X1K47HN acpUXDhTbFcoKgZ3G9YrwihtgTmw9IP4JfK+YXRNDmPOL7FRRnEHmHZ1JSkEc/PSdddm6D2MzW+33WU+3x1Iqx7Qbn1BDNuDGNzItbxg3rOCu6o06Cro2AJu0KUWpFlWvk+E8Tsu6WDN0YyP8pWsdvWVjbbNdupz80rug0Yz4AbnSzVqsZ+7G+xuJ9y/iPrg4mcSnk5MfH4fTaXstx+gNeoveoRidoSn6jmZojlgwCM6CafA1/BQmIQ1XO+lR0Ma8Rh0L5T9IxTS0</latexit>

habi00 + habi01 � habi10 + habi11
<latexit sha1_base64="7UW3Q83ci0Xkdx6voJ8RdhF2EnU=">AAADs3icjVLNjtMwEHY2/Czlr4UjF4uqEhKlSlawy40iLhyLtN1dKY0q2510rfonazsrSpQn4ol4Cx4BJ81h0+XQkWx9+uYbz4xnaC64dVH0JzgKHzx89Pj4Se/ps+cvXvYHry6sLgyDOdNCmytKLAiuYO64E3CVGyCSCrikm2+1//IWjOVanbttDqkka8Uzzojz1LL/eyGIWgvAhC5Mg5blwjLDc9febuu9OIqqD4dK4+r9gdI4OlwaV8v+MJpEjeH7IG7BELU2Ww6Cv4uVZoUE5Zgg1iZxlLu0JMZxJqDqLQoLOWEbsobEQ0Uk2LRsfrXCI8+scKaNP8rhhr0bURJp7VZSr5TEXdt9X03+z5cULvu cllzlhQPFdomyQmCncT0ivOIGmBNbD4j/Al8rZtfEEOb8IDtZFGeQeUenk1IQBz99ZV22rsPYzFb7ddbd7bGUyjHtxifUkA248Y1MyxvGDSu4q3qjjoKuDcAmbVJRqkXV67xwHqdlnaxpurER/tK1jt6ysbbZ7rmc/NK7oNGM+Aa50s1YrGfuxvsdifc34j64OJnEp5OTHx+H02m7LcfoDXqL3qEYnaEp+o5maI5YMAjOgmnwNfwUJiENVzvpUdDGvEYdC+U/SRs0tA==</latexit>

habi00 � habi01 + habi10 + habi11
<latexit sha1_base64="GXEHJcS1JbGoE6NvSklQ734+eNY=">AAADtnicjVLdbtMwFHYWfkb5WQfccWNRVUKiVPGEYOKGSuOCyyKt26QmVLZ70ll17Mx2ECXKK/E+vAWPgJPmYum46JESffrOd/58DsulsC6K/gQH4b37Dx4ePuo9fvL0 2VH/+PmF1YXhMONaanPFqAUpFMyccBKucgM0YxIu2fqs9l/+AGOFVuduk0OS0ZUSqeDUeWrR//0uHsWSqpUETFlsGrQoY8uNyF37dxvvxVFUvd1XSvaWkv2zElIt+oNoHDWG7wLSggFqbbo4Dv7GS82LDJTjklo7J1HukpIaJ7iEqhcXFnLK13QFcw8VzcAmZfOwFR56ZolTbfynHG7Y2xElzazdZMwrM+qu7a6vJv/nmxcuPU1KofLCgeLbQmkhsdO43hJeCgPcyY0H1D+B7xXza2ood36XnSpKcEi9ozNJKamDn76zLlv3YWxqq90+6+l2WMayEevGz5mha3Cjmywpb7gwvBCu6g07CrYyAOukKcWYllWvk+GcJGVdrBm6sSH+3LWO3vKRtuk2XU5/6W3QcEr9gELpZi3WM7fj/Y2Q3Yu4Cy5OxuTD+OTb+8Fk0l7LIXqFXqM3iKCPaIK+oimaIR68DD 4FZ8GX8DT8HkK42koPgjbmBepYmP8DEEY1hQ==</latexit>

� habi00 + habi01 + habi10 + habi11

<latexit sha1_base64="/BbNMe7ozOz+guqA2gUyS9mBqEA=">AAADd3icbVJNb9NAEN0kLZTwlcKRAyuioB6sKK4Q5YKIxIVjkJq2UmxFs5txusp6191dVw3GP5MD/4Ir4sLayaFOM5Ktpzfz5muHZVJYNxr9brU7B4ePHh896T599vzFy97xqwurc8NxyrXU5oqBRSkUTp1wEq8yg5AyiZds9bXyX96isUKrc7fOME5hqUQiODhPzXs6kqCWEimwyNRoXkSWG5G57d+tvZfercuIfo5oZPN0bwQErIwCnyWY7M8A7KdPMu/1R8NRbfQhCLegT 7Y2mR+3/kQLzfMUleMSrJ2Fo8zFBRgnuMSyG+UWM+ArWOLMQwUp2rioN1PSgWcWNNHGf8rRmr2vKCC1dp0yH5mCu7a7vorc55vlLvkUF0JluUPFN4WSXFKnabVmuhAGuZNrD8BvwfdK+TUY4M4/RqOKEhwT72hMUkhweOc7a7JVH8Ymttzts5puh2UsDVhTP2MGVuiCmzQubrgwPBeu7A4aEWxpEFdxXYoxLctuI8N5GBdVsXro2gb0S9Ma8ZYH2iabdBn80BvRYAJ+QKF0/SzWM/f1/kbC3Yt4CC5Oh+HH4en3D/3xeHstR+QNeUdOSEjOyJh8IxMyJZz8Iv9aB63D9t/O2877zskmtN3aal6ThnXC/zu7H2g=</latexit>

habixy = Â
a,b

ab Pab|xy

<latexit sha1_base64="4ADBEXsQwXO3mxU2m6ql4I9VFFc="></latexit>

|Si| 6 2
p

2 6 4

•  Non-signalling
<latexit sha1_base64="ieHgPgh9B0F72w9m6inVqUo4QNc=">AAADXXicdVLBbtNAEN0kFEooJYUDBy4r0kgcosiuEHBBROLCMUhNWym2ot3NOF1l7XV2xwhj/GV8CSfEFS58AmvHhzqFOVij9+btzBsPT5W06HnfO93enYO79w7v9x8cPTx+NDh5fGF1ZgTMhVbaXHFmQckE5ihRwVVqgMVcwSXfvK/4y09grNTJOeYphDFbJzKSgqGDloP5bFkEVhiZYvPFXAHlX728DOjbgP6P9x2/zdgqQPiMBY20oUwpesrH+Wm5HAy9iVcHvZ34TTIkTcyWJ50/wUqLLIYEhWLWLnwvxbBgBqVQUPaDzELKxIatYeHShMVgw6L2X9KRQ1b1CJFOkNboTUXBYmvzmLvKmOG13ecq8F/cIsPoTVjIJM0QErFrFGWKoqbVM ulKGhCocpcwtx03KxXXzDCBbuWtLokUEDmi5aRQzG3PTdZGqzmMjWy5P2flbg/lPB7ztn7BDdsAjrdxWGyFNCKTWPZHrQq+NgCbsG7FuVZlv/XCuR8WVbPadB0j+q4drXorxtpGu+dS9kXvRKMZcwZlouvfYh1yU+9uxN+/iNvJxdnEfzU5+/hyOJ0213JInpHn5AXxyWsyJR/IjMyJIN/IT/KL/O7+6B30jnrHu9Jup9E8Ia3oPf0LKCQVhw==</latexit>

Pb|0y = Pb|1y for all b, y
<latexit sha1_base64="5x93XQLR7zGyKrsvB1VDB67A0JU=">AAADXXicdVLBbtNAEN0kFEoobQoHDlxWpJE4RJFdIeCCiMSFY5CatlJsRbObdbrK2uvsjlGC8ZfxJZwQV7jwCawdH+oU5mA9vTezM288LFXSoud9b7U79w7uPzh82H109Pj4pHf65NLqzHAx5Vppc83ACiUTMU WJSlynRkDMlLhiqw+lfvVZGCt1coHbVIQxLBMZSQ7oqHlvOpnngeVGplh/casEha8brwjou4D+V/eLYJ3BIkCxwZxG2lBQip7BcHNWzHt9b+RVQe8CvwZ9Usdkftr6Eyw0z2KRIFdg7cz3UgxzMCi5EkU3yKxIga9gKWYOJhALG+aV/4IOHLOoRoh0grRib1fkEFu7jZnLjAFv7L5Wkv/SZhlGb8NcJmmGIuG7RlGmKGpaLpMupBEc1dYBcNtxs1J+AwY4upU3uiSSi8gJDSe5Arc9N1mTLecwNrLF/pyluz2WsXjImvUzZmAlcLiOw3zNpeGZxKI7aGSwpRFiFVatGNOq6DZeuPDDvGxWma5iQN83o5Fv+VDbaPdcCl/0rmgwAWdQJrr6LdYxt+vdjfj7F3EXXJ6P/Nej80+v+uNxfS2H5Dl5QV4Sn7whY/KRTMiUcPKN/CS/yO/2j85B56hzvEttt+qa p6QRnWd/ARgpFYE=</latexit>

Pa|x0 = Pa|x1 for all a, x
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Explicit measure for Bell scenario 

For a given non-signalling behaviour               with binary settings both 
measures of locality       and free choice       are equal to

<latexit sha1_base64="DhqAorjsYOFOQhHtYAV5YADgBwY="></latexit>

µL = µF =

(
1
2 (4 � Smax) , if Smax > 2 ,

1 , otherwise ,

•  Convex decomposition 

<latexit sha1_base64="/1UYu6DZBW8qAVVr5UoeMdsGgVM=">AAAD0XicnVLNbtNAEF7X/JTwl8KRy4ooUhEhtStEe0FUcOFQoSCatlLsRrubcbrK2uvurlGNsYS48mQ8Am/BI7B2fKjTwIGRbH36Zr752RmaCq6N5/1yNtwbN2/d3rzTuXvv/oOH3a1Hx1pmisGYSSHVKSUaBE9gbLgRcJoqIDEVcEIX7yr/yWdQmsvkyOQphDGZJzzijBhLTbs/R9Mi0Ezx1DR/kwvAhH69zMsAvw5wujbgsAzYTBr 8L/nZeuHzbf/F35I++8+sHw7LabfnDb3a8HXgN6CHGhtNt5zfwUyyLIbEMEG0nvheasKCKMOZgLITZBpSwhZkDhMLExKDDov6zUvct8wMR1LZLzG4Zq8qChJrncfURsbEnOtVX0Wu800yE+2HBU/SzEDCloWiTGAjcbVAPOMKmBG5BcS+gO0Vs3OiCDN2za0qCWcQWUdrkkIQA5e2szZb9aF0pMvVPqvpVlhK4wFt6ydUkQWYwUUcFheMK5ZxU3b6rQg6VwCLsC5FqRRlp5XhyA+Lqlg9dG19/KZtrXjNBlJHy3Qp+SKXov6I2AF5Iuu1aMtc1dsb8Vcv4jo43h36r4a7H1/2Dt4217KJnqCnaBv5aA8doPdohMaIOTvO2Dlzpu4nN3e/ud+XoRtOo3mMWub++ANjOUUA</latexit>

Pab|xy = pL · PL
ab|xy + (1 � pL) · PNL

ab|xy

•  Upper bound

•  Saturation of the bound

<latexit sha1_base64="zH/xbgceQCss1VlW+4ye4MStlQI=">AAADaXicdVJLb9NAEN4kPEp4NIELgsuKKBKHKIorBL0gKrhw4BCkpq0UW9HuZpyusut1d8dVg+Xfx2/gNyAkTnBl7fhQp2WktUbffPP6PDxV0uFk8qPV7ty5e+/+3oPu w0ePn+z3+k9PnMmsgJkwytgzzhwomcAMJSo4Sy0wzRWc8vWnMn56CdZJkxzjJoVIs1UiYykYemjRY6HOFnnohJUp1l/cKKBfipC+D2mo2dWt8RDhCvMlCKPTceHJ6X/KLHqDyXhSGb3pBLUzILVNF/3W73BpRKYhQaGYc/NgkmKUM4tSKCi6YeYgZWLNVjD3bsI0uCivtCjo0CNLGhvrX4K0Qq9n5Ew7t9HcMzXDc7cbK8HbYvMM48Mol0maISRi2yjOFEVDS2HpUloQqDbeYV4APysV58wygV7+RpdECoh9oLFJrphX1E/WRMs5rItdsTtnud0Oyrke8Wb+nFu2Bhxd6Ci/ENKKTGLRHTYYfGUB1lHVinOjim6jwnEQ5WWzaunKhvRD0xp8J0bGxdtyKftmtknDKfMLysRUv8V55Hq+v5Fg9yJuOicH4+Dt+ODrm8HRx/pa9shL8oq8JgF5R47IZzIlMy LId/KL/CF/2z87/c7zzosttd2qc56RhnUG/wByVBxU</latexit>µL = max
decomp.

pL

<latexit sha1_base64="RnX3WNLiOU3ap4Dm/iouiYb4HP0=">AAADWHicbVJNbxMxEHWyQNvwlZYjlxVRpCKFKBtVwI0KLhw4BNG0lZJVZDuzqRWvvbFnEcHdv8V/AXGFMz8B7yaHbtqRbD29mef58LBMCouDwc9GM7h3/8He/kHr4aPHT562D4/Orc4NhzHXUptLRi1IoWCMAiVcZgZoyiRcsOWH0n/xFYwVWp3hOoM4pQslEsEpemrWHmUzN7XciAy3N64luE9FMQ2nElZWUoUeYmIod1HhhsXxyav rL3epQlFcv5y1O4P+oLLwNoi2oEO2NpodNv5N55rnKSjkklo7iQYZxo4aFFxC0ZrmFjLKl3QBEw8VTcHGrmq9CLuemYeJNv4oDCv2psLR1Np1ynxkSvHK7vpK8i7fJMfkbeyEynIExTeJklyGqMNyjuFcGOAo1x5QPwJfa8ivqB8S+mnXsijBoZxerRMnKcI3X1mdLeswNrHFbp1ldzssY2mP1fUTZugSsLdKY7fiwvBcYNHq1iLYwgAs4yoVY1oWrdoLZ1HsymRV05V1w3d1q8Vb3tM22TyX0e96I+qOqG9QKF19i/XMTb3fkWh3I26D82E/et0ffj7pnL7fbss+eU5ekGMSkTfklHwkIzImnPwgv8kf8rf5KyDBXnCwCW02tppnpGbB0X/mFhSV</latexit>

pL 6 1
2 (4 � |Si|)

<latexit sha1_base64="kt/3ysxoufX941D+B05wtopeRU0=">AAADWnicbVLLbhMxFHUSHm3KIwV2bCyiSEUKUSaqgB0VbFiwCNC0lTKjyHbupFb8mNge1GDNf/ErSIgtLPkEPJMsOmmvZOvo3Ht8H740E9y64fBno9m6c/fe/b399sGDh48edw6fnFmdGwYTpoU2F5RYEFzBxH En4CIzQCQVcE6XH0r/+Tcwlmt16tYZJJIsFE85Iy5Qs86XWOYzH1tmeOa2t1sL8J+KIsaxgJUVRLkAXWoI81HhR8XR8auvt4mwJFfFy1mnOxwMK8M3QbQFXbS18eyw8S+ea5ZLUI4JYu00GmYu8cQ4zgQU7Ti3kBG2JAuYBqiIBJv4qvkC9wIzx6k24SiHK/a6whNp7VrSECmJu7S7vpK8zTfNXfo28VxluQPFNonSXGCnc TlJPOcGmBPrAEiYQagVs0sShuTCvGtZFGdQTq/WiRfEwVWorM6WdRib2mK3zrK7HZZS2ad1/ZQasgTXX8nErxg3LOeuaPdqEXRhAJZJlYpSLYp27YXTKPFlsqrpynr4Xd1q8Zb1tU03z2Xku96IemMSGuRKV99iA3NdH3Yk2t2Im+BsNIheD0afj7sn77fbsoeeoxfoCEXoDTpBH9EYTRBDP9Bv9Af9bf5qNVv7rYNNaLOx 1TxFNWs9+w9KdBVc</latexit>

µL 6 1
2 (4 � Smax)

<latexit sha1_base64="GpwGxOV4l8JJFMmidhcFVOuwzMk=">AAAEYnichVJNb9NAEF23AUr4aEOPcFgRRSoiquIKlV4qKrhwDFLTFsUm2t2M063XXmd3jRqM/xt/gzviSn8Ca8eHOjVhJFujN/N23uw+mgiuzWDw09nYbN27/2DrYfvR4ydPt3c6z860TBWDEZNCqgtKNAgew8hwI+AiUUAiKuCchh+K+vlXUJrL+NQsEvAjMot5wBkxFpp0nM/DSeZppnhiqr9ZCMCEfr9e5B4+9rCn06ix5+rYzb8 0FdxDy0yaObnHptJ4lKhs2Mj2+p6Ba7tKtnf1Ks/Xqnu9Rl34L3VHljhvplTiDBdT+L+8cL28yU53sD8oA99N3CrpoiqG9jFuvKlkaQSxYYJoPXYHifEzogxnAvK2l2pICAvJDMY2jUkE2s9KE+S4Z5EpDqSyX2xwid5mZCTSehFR2xkRc6lXawXYVBunJjjyMx4nqYGYLQcFqcBG4sJReMoVMCMWNiH2EqxWzC6JIsxY39WmxJxBYAu1TTJB7IVaZXW00KF0oPNVncV2KyilUZ/W+WOqSAimP4/8bM64Yik3ebtX66AzBRD65ShKpcjbtRNOXT8rhpVLl9HD7+pR69esL3WwPC4h3+SS1BsSuyCPZfks2iK3+dYj7qoj7iZnB/vu4f7Bpzfdk/eVW7bQc/QS7SEXvUUn6CMaohFizg/nt/PHudn81Wq3Oq3dZeuGU3F2US1aL/4C1vyAkg==</latexit >

Pab|xy =
16

Â
j=1

pj · P̄ (j)
ab|xy +

8

Â
k=1

qk · P̃ (k)
ab|xy

Theorem:

where                                                is the maximum absolute value of 
the four CHSH expressions.

S. Abramsky et al., PRL 119, 050504 (2017) 
S. Pironio, PRA 68, 062102 (2003) 

<latexit sha1_base64="LPZCRhdd+wDG39Wgh9PZ/qHfYFw="></latexit>µL
<latexit sha1_base64="NjSLvZHy15UoiG9ftPMFO+7roy4="></latexit>µF

<latexit sha1_base64="KMclKCmLjxQBEDrsvKKkpSWV5hQ="></latexit>

Smax = max {|Si| : i = 1, ... , 4}

0 2 4

<latexit sha1_base64="OvVsuOutBw2P9mxekjU63vyzS/M="></latexit>µL,F

<latexit sha1_base64="A3zgaePNrmy0QKJzaodFqtSf5fg="></latexit>

Smax

<latexit sha1_base64="R1Z7J4oME35cFyye2w8KxLOyeB8=">AAADEXicbVLNbhMxEHaWn5bw18KRy4ooEocoylYVcCMSF44BNW2lzaoaO7OJFa+9tWcLYbVPgbjCc3BDXHkC3oJHwLvJoZvySZ ZG38zn+cYenivpaDT60wlu3b5zd2//Xvf+g4ePHh8cPjl1prACp8IoY885OFRS45QkKTzPLULGFZ7x1ds6f3aF1kmjT2idY5LBQstUCiBPxbMPcrEksNZ8vDjojYajBuHNINoGPbbF5OKw83c2N6LIUJNQ4FwcjXJKSrAkhcKqOysc5iBWsMDYhxoydEnZeK7CvmfmYWqsP5rChr2uKCFzbp1xX5kBLd1urib/l4sLSl8npdR5QajFplFaqJBMWD9AOJcWBam1D0BY6b2GYgkWBPlnanXRUmDqE61JSgWEn7yzNlv7sC511a7PerodlvNswNv6mFtYIQ0us6S8FNKKQlLV7bcq+MIirpKmFedGVd3WDSdRUtbNmqEb9MM3bbTqnRgYl26uy+Gz2Yj6E/ADSm2ab3Geua73OxLtbsTN4PRoGL0cHr0/7o3H223ZZ8/Yc/aCRewVG7N3bMKmTDDDvrJv7Hvw JfgR/Ax+bUqDzlbzlLUQ/P4Hew36VQ==</latexit>)
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Quantum statistics

• Binary settings 

• Bell state & infinite number of settings

• Two-qubit state & arbitrary settings

Alice

y = 1

y = 2

y = 3

Bobx = 1

x = 2

x = 3

Alice

y = 1

y = 2

y = 3

Bobx = 1

x = 2

x = 3

<latexit sha1_base64="OmgLuTC1F/P2JAJyW1g6xvoggfs="></latexit>

µL = µF = 2 �
p

2 ⇡ 0.59

<latexit sha1_base64="ceUnF4UHB3bwQCdRtUQBZ9sM9YA="></latexit>

µL = µF M !•
// 0

<latexit sha1_base64="ruajRkwS6tRFhtTzq/K8s3GsG7Y="></latexit>

|yi = cos q
2 |00i + sin q

2 |11i
<latexit sha1_base64="X2Ku4zeyy188SWvJ9l2OWQoZnQo="></latexit>

q 2 [0, p
2 ]

Tsirelson’s bound

S. Portman et al., PRA 86, 012104 (2012)

A. Elitzur et al., Phys. Lett. A 162, 25 (1992) 
J. Barrett et al., PRL 97, 170409 (2006)

<latexit sha1_base64="ke1MVNjI5z1ojrG4UnjxBoJ+Dro="></latexit>

µL = µF = cos q
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Summary of results

(   )

(   )
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